In symmetry-broken crystalline solids, pole structures of Berry curvature (BC) can emerge, and they have been utilized as a versatile tool for controlling transport properties. For example, the monopole component of the BC is induced by the time-reversal symmetry breaking, and the BC dipole arises from a lack of inversion symmetry, leading to the anomalous Hall and nonlinear Hall effects, respectively. Based on first-principles calculations, we show that the ferroelectricity in a tin telluride monolayer produces a unique BC distribution, which offers charge-and spin-controllable photocurrents. Even with the sizable band gap, the ferroelectrically driven BC dipole is comparable to those of small-gap topological materials. By manipulating the photon handedness and the ferroelectric polarization, charge and spin circular photogalvanic currents are generated in a controllable manner. The ferroelectricity in group-IV monochalcogenide monolayers can be a useful tool to control the BC dipole and the nonlinear optoelectronic responses. † : J. Kim and K.-W. Kim equally contributed to this work. , † ,
Introduction
The concept of Berry curvature (BC) is becoming increasingly pertinent due to its central role in various topological phases and unusual transport phenomena. [1] [2] [3] [4] [5] Under symmetry-broken environments in crystalline solids, BC can emerge from the quantum geometry embedded in the electronic structure. It provides an effective magnetic field in momentum space and deforms the electron motion in real space, which becomes a primary origin of exotic transport properties, including various Hall effects. [6] [7] [8] [9] [10] [11] [12] [13] As a representative example, when time-reversal symmetry is broken, the anomalous Hall effect arises from the net flux of the BC, which is known as the Berry phase. 4, 12, 14, 15 Recently, the dipole component of the BC that can be induced by inversion asymmetry has been attracting increasing attention due to its potential for optoelectronic applications. [16] [17] [18] [19] Under out-of-equilibrium electron distributions, the BC dipole can enable nonlinear optoelectronic transport, which has been realized in photogalvanic experiments. 20, 21 Since level crossing can generate a singular BC distribution, topological materials that possess small inverted band gaps or band crossings have been mostly studied as efficient platforms for hosting a large BC dipole. [20] [21] [22] [23] [24] [25] [26] For instance, a small-gap quantum spin Hall WTe2 monolayer shows a large inter-band BC and its dipole is manipulated by an external electric field, resulting in the circular photogalvanic effect. 20 Tilted Weyl semimetals and pressurized BiTeI that is driven towards the topological phase transition regime also exhibit a large enhancement in the intra-band BC dipole, leading to the nonlinear Hall effect by generating a transverse photocurrent under linearly polarized light. 24, 25 Despite the large BC dipoles in these topological materials, the prominent nonlinear optical properties are available only in response to low-frequency fields due to the small size of the band gap and the sub-band energy splitting.
For high-frequency applications, the system requires a larger band gap corresponding to a higher photon energy. However, realizing a large BC dipole is challenging in large-band-gap systems because a large band gap impedes singular band inversion and crossing. Therefore, it is desirable to identify a new mechanism for producing a large amount of BC and its corresponding dipole, even in the presence of a relatively large band gap.
For BC engineering in large-band-gap systems, we suggest that ferroelectricity can serve as a tool for manipulating the BC distribution by providing an inversion-breaking order parameter. Using first-principles density functional theory (DFT), we demonstrate that the inplane ferroelectricity in a SnTe monolayer exhibits a large BC distribution with a band gap of ~ 1 eV, which corresponds to the near-infrared or visible light range. Due to the ferroelectricity, a pair of positive and negative BC peaks is formed, naturally inducing a BC dipole.
Microscopically, the ferroelectric displacement develops nearest-neighbour inter-orbital hopping channels that are otherwise forbidden by the structural symmetry and it efficiently mixes the orbital characteristics of the conduction and valence bands. Consequently, a pair of the opposite orbital angular momentum textures appears and is referred to as the orbital Rashba effect, to which the large BC dipole is primarily ascribed. In addition to the conventional application of the BC dipole for the nonlinear optoelectronics, we present an intriguing approach for controlling the spin and charge photocurrents either separately or simultaneously via ferroelectric polarization in cooperation with photon helicity. Considering the non-volatile switching of the electric polarization, the large BC and its dipole in large-gapped ferroelectric systems provide a new approach for multifunctional nonlinear optoelectronic and optospintronic applications.
Results
Atomic and electronic structure of the SnTe monolayer. The SnTe monolayer has a Pmn21 space group due to the in-plane ferroelectricity. 27 It can be considered as a binary version of the phosphorene puckered structure, where Sn and Te atoms undergo opposite displacements along the [100] direction (the x-axis in Fig. 1a ). [28] [29] [30] As a result, the SnTe monolayer has an inplane ferroelectricity of 12.4 μC cm -2 ( Supplementary Fig. 1 ). A mirror symmetry (Mxz) and a glide mirror symmetry (G) exist, as illustrated in Fig. 1a . When the ferroelectric polarization is aligned along the x-axis, the electronic structure of the SnTe monolayer exhibits two valleys near points X and Y, 31 which are hereafter referred to as the X and Y valleys, respectively (Fig.   1b ). The conduction and valence bands near the Fermi level (-1 to 1 eV) mostly originate from Sn-and Te-5p orbitals, respectively ( Supplementary Fig. 2a ). The lowest conduction bands (the highest valence bands) are derived from the Sn(Te)-px orbital at the X valley, while they are derived from the py orbital at the Y valley ( Fig. 1b ). Along the circular path from the X valley to the Y valley, the atomic orbitals are aligned along the radial direction for the lowest conduction band (~ 0.7 eV) and along the tangential direction for the second-lowest band (~ 1.1 eV) (for details, see Supplementary Fig. 2b-d ).
The orbital splitting between the radial and tangential orbitals is described by a simple model Hamiltonian, which, in the following sections, shall play a crucial role in ferroelectrically driven BC dipoles. Conduction electrons near the X valley can be modelled by Due to the orthorhombic structure induced by the in-plane ferroelectricity, the X and Y valleys are inequivalent to each other. For the X valley, unidirectional Rashba-type spin splitting is observed along the ky-direction (Fig. 1c ), which is generated by the combination of
x-axis ferroelectric polarization and spin-orbit coupling (SOC). [32] [33] [34] The spin states are degenerate along the Γ-X line due to the mirror symmetry Mxz. In addition, for the spin expectation value at each spin split-off band, the glide mirror symmetry G allows the out-ofplane component only, as shown in Fig. 1c .
Ferroelectrically driven Berry curvature. When the ferroelectric polarization breaks the inversion symmetry of the system, a unique polarization-dependent BC distribution can emerge. To elucidate the relation between the ferroelectricity and the BC in the SnTe monolayer, we calculate the BC distribution, namely, ( ) = ( ) , over the first Brillouin zone (see Methods). As shown in Fig. 2a , large BC peaks are established at the X valley. Interestingly, a pair of positive and negative BC peaks appears at the X valley, naturally linking to the BC dipole, which is shown later. Moreover, the overall sign changes by the polarization reversal ( Supplementary Fig. 3 ); hence, direct coupling occurs between the BC and the ferroelectricity.
Therefore, the ferroelectricity of the SnTe monolayer provides an efficient approach for producing a large BC distribution in a controllable manner.
With varying the magnitude of the ferroelectric polarization (P) or the SOC strength (λ), the BC distribution is investigated in Fig. 2b -e. The BCs are presented along the kydirection across the X valley (the blue dashed line in Fig. 2a ). As P increases, two neighbouring BC peaks with opposite signs develop and they gradually move away from each other ( Fig.   2b ). Once the ferroelectricity flips, the sign of the BC distribution also changes (Figs. 2b and 2c). In contrast, the SOC alters the BC insignificantly ( Figs. 2d and 2e ). The BC profile is well maintained regardless of the value of λ. The dependence on P and λ demonstrates that the BC is governed by the ferroelectricity rather than the SOC.
Based on the following symmetry argument, we can qualitatively interpret the behaviour of the BC distributions with respect to ferroelectricity, which is summarized in Figs. 2f and 2g. We decompose the BC for spin (= ±) bands in terms of ( ) as ( ) = + ( ) + − ( ). Under the time-reversal ( ) and mirror-reflection (Mxz) operations, ( ) is transformed as follows:
Eq. (3) follows from both the BC and the spin lying on the xz mirror plane. As a result, ( ) = − (− ) and � , � = − � , − � due to the time-reversal symmetry and the mirror symmetry of the system, respectively. In the absence of P, the system recovers the inversion symmetry that leads to ± ( ) = ± (− ). Consequently, ( ) is zero without P (Fig. 2f ). If with a hopping amplitude of eff that is proportional to the ferroelectric polarization. Upon the reversal of the ferroelectric polarization, the sign of the effective hopping is reversed ( Fig. 3b ). Such a ferroelectrically driven hopping Hamiltonian for Sn can be expressed as
√2 is the distance between neighbouring Sn atoms (see Supplementary Note 1 for a more rigorous tight-binding approach and its justification by comparison with DFT calculations). A similar Hamiltonian can be derived for electrons in Te atoms as well.
The ferroelectrically driven model Hamiltonian is equivalent to
since the orbital angular momentum operator, , is represented by ℏ in the px/y-orbital subspace. Here, = eff ′ /ℏ is proportional to the ferroelectric polarization. We assumed that the direction of the ferroelectric polarization ( � ) is taken as + without loss of generality.
Eq. (4) is identical to the Rashba-type Hamiltonian 32,33 if we replace the spin angular momentum S by the orbital angular momentum L; therefore, it can be referred to as the orbital Rashba effect. 35 Here, we explicitly demonstrate the emergence of the orbital Rashba effect from the ferroelectrically allowed inter-orbital hybridizations in Fig. 3a , b. In the absence of the ferroelectric polarization, such inter-orbital hopping channels are cancelled out due to the inversion symmetry (see Supplementary Fig. 4 ). Consistently with the DFT calculations of Figs.
3c and 3d, the orbital Rashba effect produces the z-component orbital angular momentum texture that is an odd function of both ky and ferroelectric polarization. From the close correlation between BC and orbital angular momentum, as exemplified in graphene 8 and MoS2 9 , one can expect that the orbital Rashba effect can bring a similar BC distribution.
To examine the relation between the ferroelectricity and the BC, we diagonalize the total Hamiltonian 0 ( ) + FE ( ) and obtain the following expression for the BC: 36 and Heyd-Scuseria-Ernzerho (HSE) 37 functionals, which yield the same qualitative trend.
When the SnTe monolayer is doped, the intra-band BC dipole intra ( ) emerges and produces the nonlinear Hall current in response to a low-frequency photon. 18 By assuming that the chemical potential is close to the band edge 0 of the parabolic band, we obtain For the pristine insulating phase, the inter-band BC dipole inter ( ) determines the inter-band circular photogalvanic effect. 20 Provided that the incident photon energy ℏ is comparable to the direct bandgap gap at the X valley, optoelectronic responses are mainly governed by the band-edge transitions. Then, our analytic formalism gives the following expression for the inter-band BC dipole:
whose complete expression is presented in Supplementary Eq. (20) . The inset of Fig. 4d presents the frequency dependence of Eq. (6) which accords with our DFT results. The circular photogalvanic current is then calculated from the relation 20 ,± = ±(2 3
where ± refers to the incident photon helicity, is the momentum relaxation time, and 0 is the field amplitude of the light.
The order of magnitude of the BC dipoles in the SnTe monolayer (~ 0.1 Å) is comparable to that of the small-gap or gapless topological materials. 20, 21 For instance, 0.1 Å of the inter-band BC dipole has been obtained in the WTe2 monolayer under an external field of Ez ~ 1.5 V nm -1 , giving rise to ~ 200 nA W -1 circular photogalvanic current. 20 Therefore, the SnTe monolayer is a promising platform for exploring the BC-related nonlinear optoelectronic responses over a wide frequency range.
Discussion
When combined with the Rashba spin splitting that is caused by the ferroelectricity and the SOC, the unique BC structure yields additional fascinating optoelectronic responses in the SnTe monolayer; one can control the spin polarization of the photocurrent as well as its charge degree of freedom. According to the spin-resolved BC profiles that are depicted in Figs.
4a and 4b, the positive and negative BC peaks are dominated by the spin-up and spin-down components, respectively. Such strong coupling of the spin polarization and the BC distribution leads to the spin-and momentum-asymmetric circular dichroism in Fig. 5a . Via the combination of the circular dichroism and the large Rashba spin splitting, each spin split-off band can be selectively excited by circularly polarized light with normal incidence, 38 thereby producing a current-carrying non-equilibrium electron distribution ( Fig. 5b) . As a result, we can generate spin-polarized circular photogalvanic currents in the SnTe monolayer.
Furthermore, such charge and spin photocurrents can be separately configured via circular dichroism and ferroelectric polarization.
Using the time-dependent DFT method to describe the non-equilibrium electron dynamics, we directly demonstrate the generation of charge and spin circular photogalvanic currents along with their possibility to be manipulated. When the SnTe monolayer is exposed to a time-varying circularly polarized electric field whose frequency is tuned to the band gap, the charge and spin currents are generated as shown in Fig. 5c . Although the time-dependent DFT method captures all opto-electronic/spintronic responses from first to higher order contributions, we identify non-zero direct current (DC) components by plotting guidelines in Fig. 5c , which are related to the BC dipole. We confirmed that the DC component of the current is consistent with the second order response theory 39 (see Supplementary Fig. 5 ). These charge and spin currents flow perpendicular to the ferroelectric polarization and vary by switching the photon helicity and ferroelectric polarization.
When the photon helicity changes along with the fixed ferroelectric polarization, the charge current flows backwards while the spin current is unaltered, i.e., the difference between the spin currents under the right-and left-handed circularly polarized lights is zero (Fig. 5d ).
Upon varying the photon helicity, the spin and the group velocity of the excited carrier are simultaneously reversed, thus affecting the charge current only (see the parabolic bands with black dots in Fig. 5g ). In Fig. 5e , the charge and spin current differences have finite values as the ferroelectric polarization is flipped while the photon helicity is fixed; hence, both the charge and spin currents reverse their directions. Under the ferroelectric reversal, both the spin and the BC are flipped in the electronic structure. The crystal momentum of the excited carrier is then reversed while its spin direction is fixed, resulting in the reversal of both the charge and spin currents. If we change the ferroelectric polarization and the photon helicity at the same time, the spin current is reversed, whereas the charge current remains unaffected ( Fig. 5f ). Therefore, the charge and spin degrees of freedom in circular photogalvanic current can be readily controlled simultaneously and/or separately by means of the photon handedness and the ferroelectricity (Fig. 5g ).
The switchable behaviour of the charge and spin currents depicted in Fig. 5g can also be understood by the following symmetry argument. The two oppositely polarized configurations (+P and -P) are connected by the inversion operation (vertical white arrows).
And the charge and spin currents are odd under the spatial inversion. Therefore, both charge and spin photocurrents should be reversed under the ferroelectric reversal. On the other hand, the time-reversal operation transforms the SnTe monolayer exposed to the right circularly- There are two side remarks. First, our main results are likely to be valid for thicker
SnTe films in which the in-plane ferroelectricity has been reported to be retained. 27 Moreover, the series of group-IV monochalcogenide monolayers share the same ferroelectrically driven BC dipole features due to their similar electronic structures. 31 In summary, we identified the fundamental relation between the ferroelectricity and the BC dipole, which is a counterpart of the well-known ferromagnetism and BC monopole coupling. Based on this finding, we demonstrated the possibility of generating and manipulating photocurrents via the ferroelectrically driven BC dipole in the SnTe monolayer.
Despite the large gap in the SnTe monolayer, its intra-and inter-band BC dipoles were predicted to reach substantial values that are comparable to those of the experimentally measured WTe2 monolayer. The anti-symmetric inter-orbital hopping that is induced by the ferroelectricity gives rise to the orbital Rashba effect, which plays an essential role in the BC dipole structure.
In addition, we presented the charge and spin circular photogalvanic currents and, on the basis of the light handedness and ferroelectric polarization switching, we proposed a pragmatic scheme for simultaneously or independently controlling them. Through the large ferroelectrically driven and, thus, ferroelectrically controlled BC dipole, the SnTe monolayer can serve as a unique platform for engineering the BC in a non-volatile way and has high potential for optoelectronic and optospintronic applications.
Methods
Electronic structure calculation. Our DFT calculations are performed using the projected augmented plane-wave method 40, 41 as implemented in the Vienna ab initio simulation package (VASP). 42 The optimized atomic structure of the SnTe monolayer is obtained from the HSE functional. 37 The PBE functional of the generalized gradient approximation is used to describe the exchange-correlation interactions among electrons. 36 The isolated SnTe monolayer is considered within supercell geometries where the interlayer distance is 15 Å in the surface normal direction. The energy cutoff for the plane-wave-basis expansion is selected to be 450 eV. We used a 10×10×1 k-point grid to sample the entire Brillouin zone. The BC ( ) is calculated as follows: 1, 43 
where n is the band index, is the Fermi-Dirac distribution function, ( ) is the velocity operator, and ( ) and ( ) are the Bloch wave-function and energy, respectively, of the n-th band at point k. The BC and the spin BC are evaluated via the maximally localized Wannier function using the WANNIER90 package. 44, 45 The intra-band BC and inter-band BC dipoles are estimated using a 2000×2000×1 k-point grid.
Intra/inter-band BC dipoles. The intra-band BC dipole, namely, intra , is expressed as a function of the chemical potential as follows:
where represents the n-th band BC and ( ( ) − ) is the Fermi-Dirac distribution.
The inter-band BC dipole inter is expressed as
is the inter-band BC 20 
where n is the band index, is the initial occupation of the Bloch state, and 2 is the lattice surface area.
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where | , , A⟩ is the electronic state localized at A=Sn, Te atom at the position ′ + ′ , | , A, ±⟩ is the corresponding Bloch state, and is the total number of sites. Here ± degree of freedom comes from different eigenvalues for the gliding operators. Each Bloch state has 4 degrees of freedom: 2 for Sn/Te atomic sites and 2 for px/py-orbitals. For simplicity, we discard the spin degree of freedom, but the derivation keeps the same for spin cases. Below we write the Bloch state in terms of the momentum in the , coordinate, by using , = � ′ ∓ ′ �/√2 and ′ = √2 .
We note that | , A, +⟩ = | + (2 / ′) , A, −⟩ , and thus the construction of the Hamiltonian only for + is sufficient for our purpose since the result for -is straightforwardly given by replacing by + (2 / ′) . The final result does not change with this choice.
As considering the nearest-neighbour hopping integrals, the hopping within a unit cell is given by hop,1 = − ∑ atoms are distant along 1 direction, the hopping integral of 1 orbitals is while the hopping integral of 2 is where 2 = × 1 . Then the hopping term is given in the form of � 1 �� 1 � + � 2 �� 2 � . Defining = arg� + � for an arbitrary vector , � 1 � = cos 1 � ⟩ + sin 1 | � and � 2 � = cos 2 � ⟩ + sin 2 | � . Then, the hopping term is written in �| ⟩, | �� basis and corresponds to the following matrix.
where ( ) is the rotational matrix. For instance, the hopping term from | , , Sn⟩ to | + 1, , Te⟩ in Fig. 3a is
where is the atomic displacement of Sn atoms, which is the ferroelectric polarization parameter. One realizes that, for = 0, ′− = π/4 thus the hopping integrals for both and orbitals are both ( + )/2 . However, for ≠ 0 , the hopping integrals are different ( Fig. 3a and Supplementary Fig. 4 ). We denote the collection of the all possible hopping terms by hop,2 without presenting its complicated form here. The periodicity of the system guarantees that hop = hop,1 + hop,2 is diagonal in . Note also that the magnitude of the hopping integrals are different for hoppings to the x direction and those to the -x direction due to different distances (see the difference between ′ and in Fig. 3a) .
We denote the difference hopping integrals by / and / ′ accordingly. Their difference is proportional to the ferroelectric polarization parameter , and thus we define
We take the simplest on-site term given by
It is also possible to generalize this model. For instance, one may include spin-orbit coupling (SOC) to obtain k-dependent SOC parameter introduced in the main text. After tedious algebra, we obtain the following total Hamiltonian on−site + hop . After a long algebra, the component of hop,eff,Sn up to first order in is
Near the X valley, ≈ X is mostly constant, thus we obtain the orbital Rashba term proportional to the ferroelectric parameter .
To consider the SOC energy in the on-site term, one may add
By applying the same Schrieffer-Wolff transformation, we obtain the following SOC term:
which contribute to hop,eff,Sn as an effective SOC energy in the form of SOC ( ) = as shown in the main text. Here ̅ = ( Sn + Te )/2 and = ( Sn − Te )/2.
Supplementary Note 2 | Comparison between the analytic model and DFT calculations.
We start from the model Hamiltonian for the conduction Sn-px and Sn-py bands near the X valley.
where, in addition to the other terms introduced in the main text, we introduce the SOC Hamiltonian SOC ( ) to reproduce also the Rashba type band structure presented in Fig. 1c .
Here, λ k is the effective SOC strength for Sn atoms and is the spin angular momentum operator. The effective SOC contains the k dependence as we integrate out the Te p-orbital degrees of freedom as explicitly shown above. Within the px, py-orbital subspace, SOC ( ) = , where is the spin Pauli matrix.
Keeping the first-order terms in λ k , the energy eigenvalues of ( ) are given by
where (= 1,2) and (= ±) are the orbital and spin indices, respectively, and = � 2 + � ℏ � 2 is the modified orbital splitting. The last term in Supplementary Eq. (14) represents a -linear spin splitting, which is the unidirectional Rashba spin splitting that is shown in Fig. 1c . 33 The spin texture calculated from ⟨ ( )| | ( )⟩ = (ℏ/2) also accords with our DFT calculations.
The BC of the lowest energy conduction band ( = 1) is obtained as
which reproduces the main features of the BC dipole presented in Fig. 2a . From the linear dependence of the BC on the orbital Rashba coefficient , ( ) is (i) induced by the ferroelectric polarization and (ii) switchable by reversing P. The BC is also (iii) independent of (up to first order), (iv) an odd function of , and (v) an even function of .
The orbital Rashba effect of Supplementary Eq. (13) leads to a finite expectation value of the z-component orbital angular momentum, which is zero without the ferroelectrically induced anti-symmetric hopping (Fig. 3a, b) . The orbital angular momentum texture from our analytic model is written as
The orbital angular momentum that is evaluated from the DFT calculation without SOC (Fig.   3c, d) Supplementary Fig. 6 shows the DFT calculation for the spin BC, given by
Similar to the BC distribution, the spin BC is mainly concentrated near the X valley. Different from the BC whose total sum over the Brillouin zone is vanishing due to the time-reversal symmetry, the spin BC gives a non-zero net flux. This implies that a large spin Hall conductivity can be acquired when the SnTe monolayer is slightly doped.
A distinction between and s can also be found in their dependence on ferroelectricity and SOC. While the BC varies in proportion to P, the spin BC remains large irrespective of P ( Supplementary Fig. 6b ). Moreover, the overall sign of the spin BC is independent of the polarization direction. Meanwhile, the spin BC drastically changes with varying λ ( Supplementary Fig. 6c ); in contrast to the BC, the spin BC scales with λ and disappears as λ goes to zero ( Supplementary Fig. 6d ). Our results indicate that the SOC is the key ingredient for the spin BC while the ferroelectricity is less relevant.
The symmetry argument presented in the main text can also be applicable to the spin BC, ( ) = + ( ) − − ( ). The time reversal symmetry and the mirror symmetry of the system imply s ( ) = (− ) and s � , � = � , − � respectively. Without SOC, the two spin channels become identical and thus + ( ) = − ( ). Consequently, s ( ) is zero without ( Supplementary Fig. 6d ). Once we consider the ferroelectric reversal, ± + ( ) = ± − (− ) implies + ( ) = − ( ) ( Supplementary Fig. 6e ). Therefore, the symmetry argument well explains the DFT results shown in Supplementary Fig. 6a -c.
Lastly, we compare the DFT calculation with our analytic model. From the minimal model presented in the main text, we obtain
which reproduces the spin BC distribution presented in Supplementary Fig. 6 well: (i) dependent on , (ii) independent of the sign of P, and (iii) an even function of and .
The first term in Supplementary Eq. (18) is independent of the ferroelectric polarization (up to first order), which explains the non-vanishing s ( ) at P = 0 ( = 0) in Supplementary   Fig. 6b . The second term is the ferroelectric contribution in the spin BC, originating from both the orbital Rashba effect and the SOC. 
where ± refers to the right and left circularly polarized light, respectively, is the momentum relaxation time, and 0 is the field amplitude of the light.
To calculate ,± ( ), we consider electrons near X valley ( ≈ and ≈ 0) and keep first order deviations. Since the Hamiltonian is spin diagonal, we approximate |c〉 = |Sn, 〉, | 〉 = |Te, 〉 and sum the contributions for each spin = ±. For the orbital part, we may approximate 〈 | | 〉 ≈ (0, − ℏ ⁄ , −1) for the highest-valance band, and 〈 | | 〉 = −〈 | | 〉 for the lowest conduction band. With these projections, ( ) = Te ( ) − Sn ( ) − 2 ̅ ℏ / , where the last term is nothing but the spin Rashba effect.
We neglect higher order contributions from the ferroelectric polarization. Lastly, we take a parabolic approximation Te ( ) ≈ −ℏ 2 2 /2 Te and Sn ( ) ≈ gap + ℏ 2 2 /2 Sn thus ( ) ≈ gap + ℏ 2 2 /2 , where −1 = Sn −1 + Te −1 . After some algebra,
,± = ∓ 
Since the ferroelectric polarization P is proportional to d, we obtain the following rules.
,+ ( ) = − ,− ( ), ,± ( ) = − ,± (− ). (22) 
